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1. Introduction 

In this paper we compute the additive structure of the Hochschild 
(co)homology and cyclic homology of preprojective algebras of ADE quivers 
over a field of characteristic zero. That is, we compute the (co)homology 
spaces together with the grading induced by the natural grading on the pre- 
projective algebra (in which all edges have degree 1). We also use the result 
(for second cohomology) to find the universal deformation of the preprojec- 
tive algebra. 

This generalizes the results of the papers [EST], [ES2], where the dimen- 
sions of the Hochschild cohomology groups were found for type A and par- 
tially for type D. 

Our computation is based on the same method that was used by the 
second author in the paper [Eu| . where the same problem was solved for 
centrally extended preprojective algebras, introduced by E. Rains and the 
first author. Namely, we use the periodic (with period 6) Schofield resolu- 
tion of the algebra, and consider the corresponding complex computing the 
Hochschild homology. Using this complex, we find the possible range of de- 
grees in which each particular Hochschild homology and space can sit. Then 
we use this information, as well as the Connes complex for cyclic homology 
and the formula for the Euler characteristic of cyclic homology to find the 
exact dimensions of the homogeneous components of the homology groups. 
Then we show that the same computation actually yields the Hochschild 
cohomology spaces as well. 

We note that for connected non-Dynkin quivers, the Hochschild (co)homology 
and the cyclic homology of the preprojective algebra were calculated in 
[CBEGl IEG| : in this case, unlike the ADE case, the homological dimen- 
sion of the preprojective algebra is 2, so the situation is simpler. 

Acknowledgments. P.E. is grateful to V. Ostrik and for a useful dis- 
cussion and to K. Erdmann for references. The work of the authors was 
partially supported by the NSF grant DMS-0504847. 

2. Preliminaries 

2.1. Quivers and path algebras. Let Q be a quiver of ADE type with 
vertex set I and |/| = r. We write a S Q to say that a is an arrow in Q. 
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We define Q* to be the quiver obtained from Q by reversing all of its 
arrows. We call Q = Q U Q* the double of Q. Let C be the adjacency 
matrix corresponding to the quiver Q. 

The concatenation of arrows generate the nontrivial paths inside the 
quiver Q. We define Ci, i € I to be the trivial path which starts and ends 
at i. The path algebra Pq = CQ of Q over C is the C-algebra with basis 
the paths in Q and the product xy of two paths x and y to be their con- 
catenation if they are compatible and if not. We define the Lie bracket 
[x, y]=xy - yx. 

Let R = ©Cej. Then i? is a commutative semisimple algebra, and Pq is 
naturally an i?-bimodule. 

2.2. Frobenius algebras. Let A be a finite dimensional unital C— algebra. 
We call it Frobenius if there is a linear function / : ^4 ^ C, such that 
the form {x^y) := f{xy) is nondegenerate, or, equivalently, if there exists 
an isomorphism (j) : A ^ A* of left ^—modules: given /, we can define 
(j){a){b) = f{ba), and given (j), we define / = <^(1). 

If / is another linear function satisfying the same properties as / from 
above, then f{x) = f{xa) for some invertible a € A. Indeed, we define the 
form {a, 6} = f{ab). Then {—,1} G A*, so there is an a G A, such that 
(t>{a) = {-, 1}. Then />) = {x, 1} = 0(a)(x) = f{xa). 

2.3. The Nakayama automorphism. Given a Frobenius algebra A (with 
a function / inducing a bilinear form ( — , — ) from above), the automorphism 
r] : A ^ A defined by the equation (x, y) = {y, rj{x)) is called the Nakayama 
automorphism (corresponding to /). 

We note that the freedom in choosing / implies that rj is uniquely deter- 
mined up to an inner automorphism. Indeed, let f{x) = f{xa) and define 
the bilinear form {a,b} = f{ab). Then 

{x,y} = f{xy) = f{xya) = {x,ya) = {ya,r]{x)) = f{yar]{x)a~'^a) 
= {y,av{x)a~'^). 

2.4. The preprojective algebra. Given an ADE-quiver Q, we define the 

preprojective algebra Hq to be the quotient of the path algebra Pq by the 

relation ^ [a, a*] = 0. It is known that Ilg is a Frobenius algebra (see e.g. 
a&Q 

|ES2j . |MQV] ). From now on, we write ^ = Ilg. 

2.5. Graded spaces and Hilbert series. Let W = (Bd>oW{d) be a Z_|_- 
graded vector space, with finite dimensional homogeneous subspaces. We 
denote by M[n] the same space with grading shifted by n. The graded dual 
space M* is defined by the formula M*{n) = M{-n)*. 
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Definition 2.5.1. (The Hilbert series of vector spaces) 
We define the Hilbert series hw{t) to be the series 

oo 

hw{t) = ^dimW^((i)t'^. 

d=0 

Definition 2.5.2. (The Hilbert series of bimodules) 

Let W = (Bd>oW{d) be a "Lj^-graded bimodule over the ring R, so we can 
write W = ©Wjj-. We define the Hilbert series -ffvy(t) to be a matrix valued 
series with the entries 

oo 

Hw{t)i,j = ^ dim Wid^jf^. 

d=0 

2.6. Root system parameters. Let vuq be the longest element of the Weyl 
group W of Q. Then we define u to be the involution of I, such that 
woioii) = — a^(j) (where is the simple root corresponding to i € /). It 
turns out that r]{ei) = e,^(j) ([S]; see [ES2j). 

Let rui, i = 1, ...,r, be the exponents of the root system attached to Q, 
enumerated in the increasing order. Let h = + 1 be the Coxeter number 
of Q. 

Let P be the permutation matrix corresponding to the involution v. Let 
r_|_ = dimker(P — 1) and r_ = dimker(P +1). Thus, r_ is half the number 
of vertices which are not fixed by u, and r+ = r — r_. 

3. The main results 

Let U he a positively graded vector space with Hilbert series hu{t) = 
^ ^2mi_ Y he a vector space with diml" = r_|_ — r_ — #{i : rrii = |}, 

and let K = ker(P + 1), L = (ei|j^(i) = i), so that dimi^ = r_, dimL = 
r+ — r_ (we agree that the spaces K,L,Y sit in degree zero). 
The main results of this paper are the following theorems. 

Theorem 3.0.1. The Hochschild cohomology spaces of A, as graded spaces, 
are as follows: 

HH^{A) = U[-2]®L[h-2l 
HH^{A) = U[-2], 
HH^{A) = K[-2], 
HH^{A) = K[-2], 
HH^{A) = U*[-2], 
HH^{A) = U*[-2]eY*[-h-2], 
HH^{A) = U[-2h - 2] Y[-h - 2], 
and HH^'^+'{A) = HH'{A)[-2nh]\/i > 1. 
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Corollary 3.0.2. The center Z = HH^{A) of A has Hilbert series 
hz{t)= i^"'"^ + (r-+-r_)t'^-2. 

Theorem 3.0.3. The Hochschild homology spaces of A, as graded spaces, 
are as follows: 

HHo{A) = R, 
HHi{A) = U, 
HH2{A) = U(S)Y[hi 
HH^{A) = U*\2h]®Y*[h], 
HH^iA) = U*[2h]. 
HH^iA) = K[2h], 
HHg{A) = K[2h], 

and HHfin+i{A) = HHi{A)[2nh]yi > 1. 

(Note that the equaUty HHq^A) = R was estabhshed in |MOVj ). 

Theorem 3.0.4. The cyclic homology spaces of A, as graded spaces, are as 
follows: 

HCo{A) = R, 

HCM) = u, 
HC2{A) = Y*[h], 
HC-siA) = U*[2h], 
HCi{A) = 0, 
HC^iA) = K[2h], 
HCeiA) = 0, 

and HHen+i{A) = HHi{A)[2nh\yi > 1. 

The rest of the paper is devoted to the proof of Theorems I3.0.1I3.0.3I3.0.4I 

4. Hochschild (co)homology and cyclic homology of A 

4.1. The Schofield resolution of A. We want to compute the Hochschild 
(co)homology of A, by using the Schofield resolution, described in [S]. 

Define the A— bimodule J\f obtained from A by twisting the right action 
by r], i.e., Af = A as a vector space, and Va, bGA, x&M:a-x-b = axr]{b). 
Introduce the notation ea = 1 if a G Q, ea = — 1 if a € Q*- Let Xi be a 
homogeneous basis of A and x* the dual basis under the form attached to 
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the Frobenius algebra A. Let V be the bimodule spanned by the edges of 
Q. We start with the following exact sequence: 

-> M[h] ^A^R A[2] ^ A^rV (^rA^ A^rA^ A^O, 

where 

do{x®y) =xy, 
di{x ^ V <Si y) = XV (8> y — X (8) vy, 

d2{z (g) = ^ eaza (g) a* t + ^ ® a® a t, 

i{a) = Xj (g) X*. 

Since ry^ = 1, we can make a canonical identification A = A^^^A/" (via 
X I— > x(8) 1), so by tensoring the above exact sequence with J\f, we obtain the 
exact sequence 



^ A[2h] ^ A^RM[h + 2] ^ A^rV ®RAf[h] ^ A ^RAf[h] ^ Af[h] 0, 

and by connecting both sequences with ^3 = ij and repeating this process, 
we obtain the Schofield resolution which is periodic with period 6: 

...^A® A[2h] ^ A^RM[h + 2]^ A^rV ^RM[h] ^ A ®RAf[h] 

^ A (g)R ^[2] ^ A<E)rV ®rA^ A®rA^ A^O. 

This implies that the Hochschild homology and cohomology of A is periodic 
with period 6, in the sense that the shift of the (co)homological degree by 6 
results in the shift of degree by 2h (respectively —2h). 

4.2. The Hochschild homology complex. Let A°p be the algebra A with 
opposite multiplication. We define A^ = A ®r A°'p. Then any A— bimodule 
naturally becomes a left A^— module (and vice versa). 

We make the following identifications (for all integers m > 0): 
{A (g)R A) A[2mh] = A^[2mh] : (a (g) 6) (g) c = bca, 

{Ai^rV ®rA)'S>A'^ A[2mh] = {V ®RA)^[2mh] : {a®x(g)b)'S)C = -x®bca, 
(A 0R A) (g)Ae A[2mh + 2]= A^[2mh + 2] : (a 6) (g) c = -bca, 
(A g)R A/") A[{2m + l)h] = M^\{2m + l)h\ : (a «) 6) c = -br]{ca), 
{A ®R V ®rN) A[{2m + \)h] = {V ®r A)^[(2m + l)h] : 
(a(gx(g)6)(g)c = x(g br]{ca), 

{A ®RAf) (g)A« A[{2m + l)h + 2]= M^[{2m + l)h + 2]: {a®b)®c = br]{ca). 



Now, we apply to the Schofield resolution the functor — ^ to calculate 
the Hochschild homology: 
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=Cfi =C5 =(74 

We compute the differentials: 

d'i{a (g) 6) = di{-l (g) a (g) 1) (gA<= 6 = (-a (g 1 + 1 (g a) (gA<= 6 = [a, b], 

d'2{x) = d2{-l (g 1) (gA-^ 2; = -(^ eafl gi a* ® 1 + ^ eal (g a (g a*) (gA^ x 
= - ^ eafl* ® [a,x\, 

a&Q 

d'^{x) = d3(-l (g 1) (gyle ^/(a;) = - ^(xj (g x*) vix) = x*ri{x)xi 

— ^ ^ Xj XXj — ^ ^ XiXTji^X^ ) , 

the second to last equality is true, since we can assume that each lies in 
a subspace ekAe^^ , and then we see that 
x*T]{x)xi = x*Xi = x*xxi ii X = ek, k = v{k), 

and x*r]{x)xi = = x*xxi \i k ^ v{k) or x = ej , j ^ k or degx > 0, 

and the last equality is true because if (x*) is a dual basis of (xj), then (xj) 

is a dual basis of ?/(x*). 

d'^{a (g 6) = ^4(1 (g a (g 1) (g^e r/(6) = (a g) 1 — 1 g) a) (gyie = a6 — bri{a), 
d'^{x) = ci5(l (g 1) (gyle X = (g a* (g 1 + ^ eal (g a (g a*) (gA<= x 

= e^a* (g {x7]{a) — ax), 

a&Q 

d'Q{x) = dQ{l® 1) (gAe X = y^(xj (g X*) X = y^ x*r]{x)ri{xi) 

— ^ ^ Xj7y(x)Xj — ^ ^ XjXXj , 

the second to last equality is true because if (x*) is a dual basis of (xj), then 
(xi) is a dual basis of f?(x*), and 

the last equality is true because for each j € I,Y1 XiCjX* = ^ dim{ek Aej)LOj, 
where we call toj the dual of ej, and dim(efcAej) = dim(efc^ei,(j)) (given a 
basis in CkAej, the involution which reverses all arrows gives us a basis in 
ejAek, its dual basis lies in ekAey(^j^). 

Since ^ = [A,^] + (see [MDV] !. HHq{A) = R, and HHeiA) sits in 
degree 2/i. 
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Let US de fine H HjjA) = HHi{A) for i > and HHi{A) = HHi{A)/R for 
i = 0. Then liH^iA) = 0. 

The top degree oiA\sh-2 (since hA{t) = ^i+ff^, by [MO VI 2.3.], and A 
is finite dimensional) . Thus we see immediately from the homology complex 
that HHi{A) lives in degrees between 1 and h — 1, HH2{A) between 2 and h, 
HHsiA) between h and 2h - 2, HHi{A) between /i + 1 and 2/i - 1, HHr^{A) 
between h + 2 and 2h and HHq{A) in degree 2h. 

4.3. Self-duality of the homology complex. The nondegenerate form 
allows us to make identifications A = J\f*[h — 2] and TV = — 2] via 

X I— > ( — , x). 

We can define a nondegenerate form on V ^ A and ^ (E> A/" by 

(4.3.1) (a Xa, 6 Xb) = 5a,h*e-a{Xa, Xb) 

where a,b £ Q, and 6x,y is 1 if a; = t/ and else. This allows us to make 
identifications V ^rA = {V 0RM)*[h] and V (S)Rj\f = {V ®r A)*[h]. 

Let us take the first period of the Hochschild homology complex, i.e. the 
part involving the first 6 bimodules: 

M% + 2]^ (V ^flA/-)^[/i] ^ AA^[/i] ^ ^^[2] ^ (V <E)R ^)« ^ ^ ^ 0. 

=C5 =C4 =Cz =C2 =Ci =Co 

By dualizing and using the above identifications, we get the dual complex: 

(^3)* (4)* ((^ , 

=Ci[-2h\ =C4[~2h\ 

{N^'lh + 2])* ^1^* ((V^AO^J^ (A/''^[/i])* ^""^^ 

=Co[-2/i] =Ci[-2h.] =C2[-2/i] 




We see that C* = C^-i. We will now prove that, moreover, d[ = ±((ig_j)*, 
i.e. the homology complex has a self-duality property. 

Proposition 4.3.2. One has d[ = ±(dg_.)*. 

Proof. {d[r = d', : 
We have 

(^{a^Xa),d'^{y)) = {^{a Xa),^eaa* ^ {yr]{a) - ay)) 
= id'ii^afg)Xa),y) 
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We have 

(x,d4(^ a (g) Xa)) = (x, ^ aXa - Xar]{a)) = '^{-[a,x],Xa) 
aeQ aeQ aeQ 

= eaO* (g) [a, x], ^ a (g> Xa) = {-d^ix), ^ a (g) x^) 

aSQ aeQ aeQ 

We have 

{x,d3{y)) = {x,'^Xiyr]{x*)) = C^x*xxi,y) = 



□ 



4.4. Cyclic homology. Now we want to introduce the cychc homology 
which will help us in computing the Hochschild cohomology of A. We have 
the Connes exact sequence 

Bo -rrrrr 4 ^ Bi -rrrrr a ^ B2 -rrrrr a ^ B3 



^ HHoiA) ^ HHi{A) ^ HH2iA) ^ HH^iA) ^ HH^A) 



where the Bi are the Connes differentials (see [Lo, 2.1.7.]) and the Bi are all 
degree-preserving. We define the reduced cyclic homology (see [Lot 2.2.13.]) 

HCliA) = ker(S,+i : 'HH~^i{A) ^ Im^iA)) 
= Im(S, : HHliA) ^ lm^i{A)). 

The usual cyclic homology HCi{A) is related to the reduced one by the 
equality ITCiiA) = HCi{A) for i > 0, and ^o(^) = HCo{A)/R. 

Let U = HH\{A). Then by the degree argument and the injectivity of Bi 
(which follows from the fact that HHq{A) = 0), we have HH2{A) = U®Y[h] 
where Y = HH2{A){h) (the degree-/i-component). Using the duality of the 
Hochschild homology complex, we find HH4^{A) = U*[2h] and HH^{A) = 
U*[2h] © Y*[h]. Let us set K = HH5{A)[-2h]. 
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degree 



l<deg</i-l HHi{A) 

Bi 

1 < deg < /i HH2{A) 
B2 

/i + 1 < deg < 2/1 - 1 HH^{A) 

B3 

^ + 1 < deg < 2/1 - 1 HH4{A) 



2h 



2h 



Bi 

HH^{A) 
HHq{A) 



2/i + 1 < deg < 3^ - 1 HH7{A) 

Br 



U HCo{A) = 

U (BY[h] HCi{A) = U 
U*[2h]®Y*[h] HC2{A) =Y*[h] 
HC^{A) = U*[2h] 

HC4{A) = 
HC^iA) = K[2h] 



U*[2h] 


K[2h] 



K[2h] 


U[2h] 



Prom the exactness of the sequence it is clear that B2 and B3 restrict to 
an isomorphism on Y[h] and U*[2h] respectively and that = 0. ^6 = 
because it preserves degrees, so is an isomorphism. 

An analogous argument applies to the portion of the Connes sequence 
from homological degree 6n + 1 to 6n + 6 for n > 0. 

Thus we see that the cyclic homology groups HCi{A) live in different 
degrees: HCen+i{A) between 2hn + l and 2hn + h — l, HCGn+2{A) in degree 
2hn + h, HCQn+siA) between 2hn + h + 1 and 2hn + 2h — 1, and HCQn+5{A) 
in degree 2hn + 2h. So to prove the main results, it is sufficient to determine 
the Hilbert series of the cyclic homology spaces. 

This is done with the help of the following lemma. 
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Lemma 4.4.1. The Euler characteristic of the reduced cyclic homology 

k=0 

Proof. To compute the Euler characteristic, we use the theorem from |EG] 
that 

oo oo 

Ylil-t')-'''^ = l{detHA{tn. 

k=l s=l 

From [MOV^ Theorem 2.3.] we know that 

HA(t) = {l + Pt^){l-Ct + tY'- 
Since r = + r_ , 

det(i + pt'') = (1 + t^Y+{i - t^y-. 

From [Eul Proof of Theorem 4.1.2.] we know that 

oo oo 

JJ det(l - Ct' + t^') = J[{1- t^^)-*{i--^^=^ M. 

s=l k=l 

So 



oo oo 



J](l-t'=)-«^ = J]detF^(t^ 

k=l s=l 

oo 



J|(l + t^'Y+ (1 - t^'f- det(l - Ct' + t^')-^ 



=1 

f.hs\r 



n (i-t' 

gerien TTfl — f'^k\#{i:m,i=k mod /i} 



i odd 



It follows that 



XHCiA)it) = E = (1 + + + ...)(- E - + (^+ - ^-)*')- 

fc=0 

This implies the lemma. □ 
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Since all HCi{A) live in different degrees, we can immediately derive their 
Hilbert series from the Euler characteristic: 



hHC2(A){t) = (r+ - r_ - #{i : = ^})t^ , 
hHC,iA){t)= ^'"^ 

hHC,(A){t) = r^t'''. 



It follows that hu{t) = E ^^"'S dimF = r+ - r_ - #{i : m^, = |}, 

dimX = r_, and y, X sit in degree zero. 

This completes the proof of Theorems I3.0.3|3.(r^ 

4.5. The Hochschild cohomology complex. Now we would like to prove 
Theorem Em 

We make the following identifications: HomA'^{A ®r A, A) = A^ and 
HomA'^{A ®rM,A) = J\f^, by identifying cp with the image (/>(! ^ 1) = a 
(we write (j) = a o -), and HomA<^{A ®r V 0r A, A) = {V ®r A)^[-2] 
and HoniA'^iA (g)R V 0r J\f, A) = {V 0r N')^[-2], by identifying which 
maps 1 (I (X" 1 I — ^ Xd (^CL E Q) with the element 6^* a* (8) Xa (we write 

(j)= Yl ea*a* 0Xa o -). 

aGQ 

Now, apply the functor HomA<={—, A) to the Schofield resolution to obtain 
the Hochschild cohomology complex 



5 M'^i-h] 5 ^^[-2] 5 (y Af[-2] 5 ^ 

. . . ^ A^[-2/i] 5 A/-«[-/i - 2] 5 (y ® AA)^[-/i - 2] 5 

Proposition 4.5.1. Using the differentials d[ from the Hochschild homology 
complex, we can rewrite the Hochschild cohomology complex in the following 
way: 

d'r\~2h-2] ^ d'\-2h~2] , d' [-21 , , , d'\-2\ ,p 

,p, , dl [-2/1-21 ^p, , < [-2/i-2l , p, ^ d'J-2h-2\ 

...^A^[-2h] 'V ^M^[-h-2] ^ (F®A/^)^[-/i-2] "V 

Proof. 

dl{x){l (g) a (8) 1) = X o di(l (g) a 1) = X o (a (g) 1 — 1 a) = [a, x], 
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SO 



dl{x) = ea*a* (8) [a,x] = c?2(x). 
d*2i.Yl " ® ^""^^^ «) 1) = (Yl " ° (Yl ^bb ® b* ® 1 + Y^bl ® b b*) 

a£Q a£Q beQ b€Q 

= Y (O^a - XaO) = ^ [a, Xa] , 

SO 

(i2(^ a (g) Xa) = ^[a,Xa] = a ® 2;^). 

oGQ a6Q a6Q 

dl{x){l 1) = X O ^3(1 (g) 1) = X O Xi ® X*) = Y^ XjXX*, 



SO 



d*3{x) = ^XjXX* = d6(x). 

d4(x)(l (8)a(8)l)=xodi(l(g)a(8)l) = xo(a(g)l — l(8)a) = ax — xr]{a), 
so 

(i4(x) = ea*a* (8) (ax — xri{a)) = d'^{x). 
dlCY a ® a;a)(l ®l) = CY a®Xa)o e^ft O 6* O 1 + J]] €{,1 O & ® b*) 

aeQ aeQ b&Q beQ 

= ^(axa - Xar]{a)), 

SO 

dlCY a ® ^^a) = ^(axa - XaTjia)) = d'^CY a ® ^a)- 
dg(x)(l (g) 1) = X O (i6(l (g) 1) = X O (^Xj (g) X*) = y^XiX7/(x*), 



so 



□ 

Thus we see that each 3-term portion of the cohomology complex can be 
identified, up to shift in degree, with an appropriate portion of the homology 
complex. 

This fact, together with Theorem 13.0.31 implies Theorem 13.0.11 
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5. The deformed preprojective algebra 



In this subsection we would like to consider the universal deformation of 
the preprojective algebra A. If v = 1, then P = 1 and hence by Theorem 
mOiBHH^{A) = and thus A is rigid. On the other hand, if / 1 (i.e. 
for types An, n > 2, D2n+i, and Eq), then HH^{A) is the space K of 
z^-antiinvariant functions on /, sitting in degree —2. 

Proposition 5.0.2. Let X be a weight (i.e. a complex function on I) such 
that v\ = —X. Let A\ he the quotient of Pq by the relation 



Then giA\ = A (under the filtration by length of paths). Moreover, A\, with 
X a formal parameter in K , is a universal deformation of A. 

Proof. To prove the first statement, it is sufficient to show that for generic 
A such that v{X) = —A, the dimension of the algebra A\ is the same as 
the dimension of A, i.e. rh{h + l)/6. But by Theorem 7.3 of [CBHj . Ax 
is Morita equivalent to the preprojective algebra of a subquiver Q' of Q, 
and the dimension vectors of simple modules over Ax are known (also from 
[CBHj ). This allows one to compute the dimension of Ax for any A, and 
after a somewhat tedious case-by-case computation one finds that indeed 
dimA^, = dim^ for a generic X K. 

The second statement boils down to the fact that the induced map (p : 
K — > HH^(A) defined by the above deformation is an isomorphism (in fact, 
the identity). This is proved similarly to the case of centrally extended 
preprojective algebras, which is considered in [Euj. □ 

Remark. For type An (but not D and E) the algebra Ax for generic A E 
K is actually semisimple, with simple modules of dimensions n, n — 2, n — 4.... 
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